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ON FIRST APPROXIMATION STABILITY RELATIVE TO A PART OF VARIABLES"

WU TUAN
Certain theorems on stability in the first approximation relative to a part of vari-
ables which generalize the Liapunov and Massera theorems, are proved.
1. The case of regular linear approximation system. 1°. We consider the non-
linear system
de/dt = M (D z+ F{t,2), z=col (x5, ..., 2y

(1.1)
Ft,z)=col (Fy ({,2),...,F,{t,2), F{t,0) =0
M (t) = C 1y, o0), sup:li M (Bl < o0
where M (f) is the lower triangular matrix of order n and || -|| is the Euclidean norm.
We shall investigate this system stability with respect to variables ..., Zm (1 <m < n),
using the notation
y:col(ylx-~"ym)’ Y = Zx (}c:-_-.. i,...,m)
z = col (2, . . .y 2Zp)y Bk = Tpam (B = 1,...,p=n-—m)

F@ y, 2)=col(Fy(t,2),... Fnl(tz)
gt y,2) = col (Frpuq (8, 2), . . ., Fy(t, 2))
A@) © ﬁ

M“’=Hcm B(®)

where A4 (f) and B (1) are lower triagular matrices of order m X m and P X p; respectively.

System (1.1) can now be represented in the form

dy/dt =4 )y + f (8, ¥, 2)
dz/dt = C{t)y + B{t)z+ g (4, ¥, 2)

(1.2)

Let us assume that .
a) the vector function F(t,z) is continuous and satisfies the conditions of uniqueness
of sclution in the region
t> Iyl <HH>0,0<]zll <o

b} solutions of system (l.l) are z-continuable which means that any solution z(f) is
determined for all ¢ »t, for which {jyjl<<H.

We denote by z = z{#; &, z,) the solution of system (1.l) determined by the initial condi-
tion z(ty; Ly, To) = To-

Together with {1.2) we shall consider the linear system

dy*/dt = A () y* (1.3)

Theorem 1. 1f
1) the linear system (1.3) is Liapunov regular,
2) all characteristic indices of system {1.3) are negative,

01~<\:02\<\--'<am<0 and
3) the vector function f satisfies the inequality
N wmN<e@Nyl® @>1) (1.4)

in which ¢ () is a continuous positive function in [#, o) , and xhp (@l =0, then the
trivial solution z=0 of system {(1.1) is exponentially y-stable as ¢— oo.

Proof. Let a,< —y<<0. We apply to system (1.1} the transform
T = weru-io {1.5)

and obtain
dw/dt = N (t) w -+ G (t, w) (L.6)
N(t) =vE - M @), G(t w) = eUnF (t, we-vit=ta))

As the result of transformation {(1.5), system (1.2) assumes the form
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du/dt = 4, () v + f, (¢, u, V) (1.7)
dv/dt = C, (t) u + By (&) v + g (¢, u, v)

U = yeVi-td, p == geWt-t0

u=col (U, ..., un); ur=wrlk=1,...,m

v=col (vy, ..., t); Uk =Wpm (k=1,...,p)

A, =vE ++A,B,=%9E+4+B,C,=C

Obviously A4,(t) and B,(f) are also lower triangular matrices and
(1.8)
fr (t’ u, U) = g¥Wi-t)f (t’ ueVi-to), vg—?(f"to))

& (¢, u, v) = gWi-tog (t’ ue~v-t) pe-vlt-ta))

Moreover, w(t) = z (%) , and G (t,w) satisfies conditions a) and b), i.e. transform (1.5) pre-
serves the existence of the unique solution and, also, the z-continuation of solutions.
System
du*/dt = A, (t) u* (1.9)
is obviously regular.
Let H (¢) (H (t,) = E) be the fundamental lower triangular matrix of the system

dw*/dt = N (t) w* (1.10)
Applying the method of variation of constants, we replace the nonlinear differential equation
by the equivalent integral equation

: (1.11)
w(t)=H Owt) + § K (t,7)6 (v, w(v)dv
to

K (¢, 1) = H () H'(z), w(ty) = col (u (&), v (o)) = z ()

Since H (f) is a lower triangular matrix, K (¢ T) is of the same form.

In conformity with the local theorem of existence of solutions there exists for the pair
(to, Wo), where | u,ll<< H , the solution w(f) of the differential equation (1.6), which satisf-
ies the initial condition w(t,) = z(f,), and is determinate in some interval o St ty + 4,
and Ju@®ll< H for telt t,+ 1),

Let H(f) and K (¢, 1) be of the form

Hy(t) 0
Hy(t) Ha(t)
where H,, K, and H,, K; are lower triangular matrices of order m X m and P X p, respect-

ively. Then, in conformity with (1.11), the vector function u(#) satisfies the integral eq-
uation

K1 (t, T) 0

H(t)y= Ks(t,t) Ka(t,T)

1, K(t,'l:):

4
u(t)=Hy (O ulte) + § K1 (t, ) 1 (v, u (1), 0 (7)) dv (1.12)
to

which yields the estimate
t
fu@)<HHL @)}l Ilu(to)lH—SIIKx(t»T)H||h(1,u(1),v(1)lldr (1.13)
ty

Since all characteristic indices f; = o5 + ¥ of the linear system (1.9) are negative, there
exists a number ¢; > 1 such that
H, (I <er for trSt<<o© (1.14)

Moreover, on the strength of estimate of the Cauchy matrix or the regular system with negative
characteristic exponents /2/ we have

Ky (8, D)l < cpe®t™ for t Tt oo (1.15)
On the basis of formulas (1.4) and (1.8) we have

I F1 (8, u, V) || = eVt || f (¢, ueve-ta, pevt-t) | << cgexp {le — (¢ — ) VI (¢ — L)} full® (1.16)

where ¢4 is a fairly large positive number.
Substituting (1.14)— (1.16) into (1.13) we obtain the estimate

t
Tu@l<exllu(to) ]+ § crcsexp ([2e — (@ — DVIT —tolu(r)sds,  to<t<to+1 (1.17)
to
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We select the positive number & so small as to satisfy the inequality
§=(g—1)y—2>0
Then applying to the inequality
t
1.18
lu @< exlluto) |4+ § et u () 0ds (co=cacs) (1.18)
o
the Bihari lemma /2/, we concluded that

e @l <eallu )l 1 —Q @/ (1.19)
t

Q)= (g— 1) e us (to) |1 { coe-do-t0
te

if only
Q<1 (1.20)
Since
H
S £-be—t) gg <*é“ < o0
fo
then, provided that |lu (&)1l ==|ly (t,)|] is fairly small, it is always possible to assume that in-

equality (1.20} is satisfied. It follows from (1.19) that when |[[u (%)l is fairly small, then
for any t<= ity 4+ 1) u(l) is an inner point of region {t, <t < oo, llull<HR2<H} and, con-

sequently, the solution w{f) is infinitely u -continuable to the right. The solution w(f)
is by virtue of assumption b) infinitely continuable to the right. Thus for ¢ <{t<<oo we

have the inequality
Hu @< Lyl < H2

where L is some constant dependent on 1.
Reverting to the variable 1z, with f,<{t< o and Jly()l<<A< H (H fairly small)we

have
My @O0 < LIy t)llev= Ly (2o} Il 4 llz (£) [De7¢*

i.e. the trivial solution z =0 of the nonlinear system (1.1) is exponentially y-stable as
t{—>oo. The theorem is proved.
209, Let us consider a nonlinear system of the more general form

dz/dt = M () x + F (¢, 2); M (t) = ¢ [y, 0o), supe || M (2) || <C o0 (1.21)

in which M {#) is an (n X n) matrix, the vector function F ({, 2} conforms to assumptions a)
and b), and F (¢, 0) =0, We use here in addition to the notation introduced above the follow-

g Pz =col(z,, ..., z) (1 <k<n)
Xy = [z, , .., 2®], Xpp = [0, 20]
where G(Xi) is the Gram determinant composed of vectors z®,..., z%®,

Theorem 2. Let
1) for the linear approximation system

dz*/dt = M (t) z* (1.22}
of system (1.21) exist a normal basis X* = [z*®1(#),...,2*"™ (f)] such that
*
nf a‘%f)‘;‘f..__(;?;;-_-p>o (1.23)
2) the linear system (1.22) be Liapunov regular,
3) the characteristic indices of vectors z*®(1),...,z*™ (f) be negative
OBl =a;, <0 (i=1,...,m (1.24)
4} for the vector function F (I, z) the inequality
gyl <O yif (1.25)
where () is a continuous positive function in Blf, ) be satisfied, and
yp @l =0 (1.26)

The trivial solution z=0 of system (1.21) is, then, exponentially y-stable as {— .

Proof. Condition (1.23) implies the existence of the Liapunov transform z* = U (#)§*
which converts system (1.22) into a partitioned lower triangular system (see /1/)
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dE*/dt = Q (t) E* (1.27)

with this transformation the nonlinear system (1.21) assumes the form

dejdt =Q (1) E + G (£ ) (1.28)
Qy=U"MU @ ~-UTBU @)
G, =ULRF{U®E)

or
dn/dt
dt/dt

f

A@n+hrtnd) (1.29)
B(t)§ + k(3,0

I

where A (f) and B (t) are lower triangular matrices of order m and p=n —m, respectively,
n is an m-dimensional vector, { is a p-dimensional vector, E=col(n, ), and G (¢, &) =
001 (h’ (t, nv g)v hl (ty TI, §))-

Since system (1.22) is reqular, system (1.27) must also be regular. By the criterion of
reqularity of a triangular system /2/ the linear system

dn*/dt = A (t) n*

is regular.

Since the Liapunov transform does not alter the characteristic indices, hence

% [n*(i)] =5 [E*)] = X [z*®] = ;<0 (i= 1,...,m)
Taking into consideration the boundedness of matrices U(f) and U~!(f), from formulas (1.25)
and (1.29) we obtain
e, DI<h @O0l (@>1)

where 1, (f) is a continuous function positive in [¢, ) which satisfies equality (1.26). It
is, moreover, evident that G (f, &) conforms to assumptions of the a) and b) type.

All conditions of Theorem 1 have been, thus, satisfied for system (1.29) and, consequent-
ly, the trivial solution fE=0 of that system is exponentially MW -stable as ¢-—»oo, i.e.

I @<L AAlm @) 1411 (E) ) evt=to

where L is a constant, the quantity |[m ()|l fairly small, and o;<<—y<<0 (i=1,...,m).
Since x=U ()%, hence
Hy OU<IT @l @ § < Loy @) I+ 112 @) ) e ¥

which means that the solution z =0 of system (1.21) is exponentially y —stable as t— oo.
The theorem is proved.

2. The case of the irregular system of linear approximations. Let us consid-
er in this case the problem of first approximation stability relative to a part of variables.
1°, Consider the differential system

dx/dt = M (t) z 4 F (¢, x) (2.1)
M (t) = C [ty, ), supt|| M (§) || << oo
where M (f) is the lower triangular matrix, F (f{,z) conforms to assumptions a) and b) from
Sect.1l, and F (¢ 0)=0.
System (2.1) may be written in the form

dy/dt = A (t)yy + [ (L, ¥, 2) (2.2)
dz/dt =C )y +B(@t)z+ gt y,2)
Theorem 3. Let
1) the inequality

ity 2N<b@Iylle @>1 (2.3)
where ¥ (f) is a continuous positive function, be satisfied, and [ )i =20,
2) the characteristic indices of the linear function
dy*/dt = A (t) y* (2.4)
satisfy the condition
a <. am_a<—-———<0

where %, a coefficient of the irregular system (2.4), is defined by
m t
x:Zakh m%STrA(tl)dtl

k=1 tvoo 1o
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The trivial solution z =0 of the nonlinear system (l.1) (or of system (2.2)) is asympt-
otically y -stable as ¢-—oco.

Proof. Let ¢ be a positive number such that
wg—1)<y< —a (2.5)
We set
D =diag (0, + v, .. v 0m + 7,1, ... 1) = diag (D', E)
Let X (t) = [z5x (9)]," be a normalized fundamental lower triangular matrix of (X (f) = E)
of the linear system
dz*/dt = M (1) z* (2.6)

It is now obvious that matrix Y (8) = [y ())»" in which yu{t) =zx(t) for jk=1,...,m is
the fundamental matrix of system (2.4) and Y (¢,) = E.
We apply to system (2.1) the transform

z = X (f) e’Pw, w = col (u, V)
where U is an m-dimensional vector and v an (n — m) -dimensional vector, and obtain
dr

& — X (1)e P32 4 X (t)ePiw — X (t)eDDw = M (1) X () e Pw + F (¢, X (t) e-Phw)

from which follows that
dw/dt = Dw + ePtX~1 (2) F (t, X (t)e™Ptw) (2.7)
Since X (f) is a lower triangular matrix, X !(f) and eP'X7!'(t) are also lower triangular
matrices. Furthermore, it follows from (2.7) that
du/dt = D'u + h (t, u, v) (2.8)
h(t,u,v) = Py (DX~ (t) F (¢, X (t) e Plw)]

It is known that "
Y=g 18], A()=detY ()

where Ay; () is the cofactor of the determinant A (¢). Using the Ostrogradskii — Liouville
formula and taking into account the equality A(f) =1, we obtain

|1
A (t) = exp S TrA (tl) dtl
s

Hence .
Y (1) =] Axj () exp [- {Tr 4 dtl]“
t

from which .

2 [EPY ()] =% [e(“i“”‘A,,, (t) exp [— S Tr A(ty) dtl]] < (2.9)

ts

t
max[a,-—l—'?—i—};ak——aj—]im-:—sTrA(tl)dt1]=n+?
ik T

to

1Y ()P =7 (yme PP << max o — (o + V)] = — v <0
kN

Since y[Y (8 e P! <0, hence Y (f)ePt—>0 as ¢— oco.-
Let Hull <H/M. Then
el <NY (@ el ull < H
Let us evaluate the nonlinear term £k (¢, u,v) of system (2.8) with Null < H/M. Using
inequality (2.3) we obtain
R (& u, ) | <)l P (60 X71 () F (5, X () e PW) IS
fery=1@) |l v &) HIY @ ePrfull®=o@)llulf
@) =LY TP @ Y @) e |?
By virtue of inequality (2.9) and properties of characteristic indices the following estimate
is valid:
wlo @ =0T @I 1Y@ MY @) e <o+ v+ 0— g =2x—(¢— 1
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On the basis of inequality (2.5) we have
y o (8] <0

hence
e w, )< Cllul®, ¢>1
(fosst<<oo, full<CH/ M)

Thus by virtue of the Liapunov theorem on the stability of a guasilinear system /2/ the triv-
ial solution u =0 of system (2.8) is asymptotically stable as t— oo. This means that the
solution w=0 of system (2.7) is asymptotically u-stable as t-» co. From this on the
basis of formulas y =Y (f) exp (—D'tyju and y Y (¢) exp (— D't)] << 0 follows that the trivial
solution of system (1l.1) is asymptotically y -stable as £-+» oo. Theorem 3 is proved.

20, Let us now consider a differential system of a more general form

de/dt = M ()z + F (¢, z)
where (M (f) is an (n X m) matrix.
We shall prove for this general system a theorem similar to Theocrem 3.
First of all we shall prove two lemmas.
Let us consider the linear homogeneous system of order n

dz/dt = S () z, S (t) & C [ty, o), sup;{| S (B || << o0 (2.10)

assuming it to be irregular with

n t

x.—.—Zak—lim—:—SReTrS(tl)dtl (2.11)
k=1 o fo
as its coefficient of irregularity in which a; << @, <...<{a, is the complete spectrum of

system (2.10).
By applying to system (2.10) the Liapunov transform z = [J ({) ¥ we convert it to the form

dyldt = Q (t)y (2.12)
e =0 SQUBH—-UTOU @

We denote the complete spectrum of system (2.12) by o <o <...<a, and its coefficient
of irregularity by «'.

Lemma 1. The Liapunov transform preserves the irregularity coefficient of a linear
homogeneous system of the form (2.10), i.e. x =#«'.

Proof of this lemma follows directly from that the Liapunov transform retains the charact-
eristic indices and value of the limit in formula (2.11).

We call the number

m m

n(m)zzuk—li_ —%—StBeZsi(tl)dtl
to

=1 koo i=1

where s; are diagonal elements of matrix § (), the coefficient of m -partial irregular-
ity of the linear system (2.10).

Lemma 2. The coefficient of partial irregularity of a linear system is retained when
the Liapunov transform z = U (f)y is such that the matrix of transformation is of partition-
ed diagonal form

U () = diag Um, Un-m)

where U, and U,, are square matrices of order m and n— m , respectively. The proof
of this lemma is obvious.
Let us now consider the nonlinear system
dz/dt = M () z + F (¢, 2) (2.13)
M (t) & Clty, o0), supy | M (Il << oo
where (M (8) is an (n X n)~- matrix, F (t, 2) conforms to assumptions a) and b), and F (¢, 0) = 0.
Using the notation introduced above we can write (2.13) as
dy/dt =AW y+B@Oz+ [y 2 (2.14)
dz/dt =C(tyy+D(@)z+g( vy, 3)
Theorem 4. Let

1) system (2.14) have a normal fundamental matrix of the partitioned diagonal form U () =
diag (U, (), Up-m (f)) that satisfies the inequality
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G ()

inf — SO _ 2.15
inf gy = >0 (2.15)

n-m)

2) the inequality
Wi v ll<$ONYIT @>1)

where Y (f) is a continuous positive function, and g [ ()] =0, be valid, and
3) the characteristic indices of the system

dy*/dt = A (t) y*
satisfy the condition
®
1

G op=0< — ppen

<0

where x 1is the coefficient of the m-partial irregularity.
Then the trivial solution z =0 of the nonlinear system (2.13) (or (2.14)) is asymptot-
ically y —stable as k- oo.

Proof. Condition 1) of the theorem implies that the linear differential system
dz*/dt = M (1) =*
can be transformed to a partitioned lower triangular system by applying the Liapunov trans-
form =z*=U()t*, where U () = diag(Up, Unm)-
Let the transformed system be of the form
di*/dr = Q (1) E*

where Q(f) is a partitioned lower triangular matrix. The nonlinear system (2.13) is then
reduced to system

difdt=QWE+G( ), ET=col(n D), Q()=diag(4;(t), B (1)), Gt E)=col (h(t, m D& n D)  (2.16)
where % is an m -dimensional vector and { is an (r» — m)-dimensional vector.
On the basis of the Liapunov transform properties and of the lemma we obtain the equalit-
res =% =a (i=1...,m
where % is the irregularity coefficient and ;' are the characteristic indices of the system

dn*/di = 4, (¢) n*
From this x
o< ... <am'=0<—7=7<0
Since matrices U () and U-1(y) are bounded and Rit, , ) =Un 2@ f & Un )M Upp® 00
by virtue of inequality (2.15) we have
1R DI<h®inl @>1
where ¥:{f) is a positive function for te{ty «), and %Xl @I=0.
By virtue of Theorem 3 the trivial solution §=0 of system (2.16) is asymptotically {-
stable as t— 0.
This shows that the solution z=0 of system (2.13) is asymptotically y-stable as ¢ — oco.
The Theorem 4 is proved.
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